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Abstract We develop the formalism to provide an
improved estimate for the hadronic light-by-light correc-
tion to the muon’s anomalous magnetic moment aμ, by
considering single meson contributions beyond the leading
pseudoscalar mesons. We incorporate available experimen-
tal input as well as constraints from light-by-light scatter-
ing sum rules to estimate the effects of axial-vector, scalar,
and tensor mesons. We give numerical evaluations for the
hadronic light-by-light contribution of these states to aμ. The
presented formalism allows one to further improve on these
estimates, once new data for such meson states will become
available.
1 Introduction
The anomalous magnetic moment of the muon aμ = (g−2)/2
is one of the most precisely measured quantities in particle
physics. It has being playing a vital role in testing the frame-
work of quantum field theory since its development more than
half a century ago, as well as in searching for new physics
beyond the Standard Model (SM) of particles and interac-
tions, for a comprehensive review, see [1,2] and references
therein. On the experimental side, the present world average
for aμ is [3,4]
aμ(exp) = (116,592,089 ± 63) × 10−11, (1)
which corresponds to a relative precision of 0.54 parts per
million. From the theoretical point of view, in the SM
aμ is defined by electromagnetic (QED), electroweak, and
hadronic contributions. The dominant QED contribution,
which at present has been calculated including all terms up
to fifth-order in the fine structure constant [5,6], is known
a e-mail: pauk@uni-mainz.de
to an impressive theoretical precision corresponding with
δaμ(QED) = 8 × 10−13. The much smaller electroweak
contribution, which has been calculated up to two-loop
order [7–10], is also known with good accuracy; its inac-
curacy δaμ(weak) = 2 × 10−11, which is more than a factor
of 30 smaller than the present experimental precision. Within
the SM, the largest source of uncertainty is given by the
hadronic contribution, which contains two parts, the hadronic
vacuum polarization (HVP) together with the hadronic light-
by-light scattering (HLbL); see Fig. 1. The HVP has been
estimated based on data for e+e− → hadrons, data for
e+e− → γ + hadrons, as well as τ decays, by several
groups [11–21]. A recent evaluation of the leading order HVP
has found [21]:
aμ(l.o. HVP) = (6,886.0 ± 42.4) × 10−11. (2)
The next-to-leading order HVP has been estimated as [19]
aμ(n.l.o. HVP) = (−98.4 ± 0.7) × 10−11. (3)
The HLbL, although much smaller in size than the HVP, has
a comparable theoretical uncertainty. It has been estimated
by different groups to be
aμ(HLbL) = (116 ± 39) × 10−11 Ref. [1, 2], (4)
aμ(HLbL) = (105 ± 26) × 10−11 Ref. [22]. (5)
When comparing theory with experiment for aμ, the differ-
ence has recently been evaluated as [21]
aμ(exp) − aμ(theory)
= (312.5 ± 57.6 (theory) ± 63 (exp)) × 10−11, (6)
which corresponds with a 3.7σ discrepancy. The different
analyses for the l.o. HVP and HLbL contributions give results
which all agree within 1σ [23].
123
3008 Page 2 of 8 Eur. Phys. J. C (2014) 74:3008
Fig. 1 The hadronic contributions to the anomalous magnetic moment
of the muon. Left panel hadronic vacuum polarization (HVP). Right
panel hadronic light-by-light contribution (HLbL). The gray blobs
denote hadronic intermediate states
In order to conclude whether this discrepancy is a sign of
new physics beyond the standard model, new experiments are
planned in the near future both at Fermilab [24] as well as at
J-PARC [25] to further improve on the precision. The Fermi-
lab experiment aims to reduce the experimental uncertainty
by a factor 4 to δaμ ≈ 16 × 10−11. Such improvement also
calls to improve on the theoretical accuracy by at least a fac-
tor of 2 in order to obtain a definitive test for the presently
observed discrepancy. As the theoretical uncertainty is totally
dominated by the knowledge of the HVP, Eq. (2), and the
HLbL, Eq. (4), the main effort on the theoretical side will
be to improve on both estimates. For the HVP, new data
from ongoing experiments at Novosibirsk and BES-III will
provide valuable experimental input to further constrain this
contribution. It was estimated in Ref. [23] that such data will
allow us to reduce the uncertainty in the HVP by around a
factor of two, down to δaμ(l.o. HVP) = 26 × 10−11. For
the HLbL scattering, new data are expected from KLOE-2
for the γ ∗γ → π0 transition form factor at very low photon
virtualities, and from BES-III for the reactions γ ∗γ → X ,
where X = π0, η, η′, 2π . Such data do require a theoretical
analysis in order to further constrain the HLbL evaluation.
The aim of the present work is to provide an improved
estimate for the HLbL contribution, by considering sin-
gle meson contributions beyond the leading pseudoscalar
mesons (π0, η, η′), which have been evaluated in the pio-
neering work of Ref. [26]. We will incorporate available
experimental input as well as constraints from light-by-light
scattering sum rules [27,28] to estimate the effects of axial-
vector, scalar, and tensor mesons to the HLbL contribution.
The framework which will be presented will also allow one to
further improve on the estimate, once new data, in particular
from BES-III, for such meson states will become available.
2 Meson pole contributions to the hadronic
light-by-light scattering
The HLbL contribution to the muon’s anomalous magnetic
moment is a O(α3) correction to the Pauli form factor due
to the second diagram in Fig. 1. It may be isolated from the
vertex matrix element
〈
μ−(p′)
∣∣ jμem(0)
∣∣μ−(p)
〉 = (−ie)u¯(p′)	μ(p′, p)u(p), (7)
where p (p′) denote the initial (final) muon momenta, when
considering the classical limit (p′ − p ≡ k → 0) by using
a projection operator technique [29]. This amounts to the
two-loop integral representation
aLbLμ = limk→0 ie
6
∫ d4q1
(2π)4
∫ d4q2
(2π)4
1
q21 q
2
2 (k − q1 − q2)2
× 1
(p + q1)2 − m2
1
(p′ − q2)2 − m2
× T μνλσ (q1, k−q1−q2, q2)μνλσ (q1, k−q1−q2, q2),
(8)
with the projector
μ(p′, p)= m
2
k2(4m2−k2)
[
γμ+ k
2+2m2
m(k2−4m2) (p
′+ p)μ
]
,
(9)
where m denotes the muon mass. Furthermore, in Eq. (8) the
leptonic tensor T is given by
T μνλσ (q1, k − q1 − q2, q2)
= Tr [(/p + m)σ (p′, p)(/p′ + m)γ λ(/p ′ − /q2 + m)
× γ ν(/p + /q1 + m)γ μ
]
. (10)
The tensor μνλσ (q1, q2, q3) denotes the light-by-light
vacuum polarization tensor. In this work, we will consider
the contributions of a single meson with an arbitrary spin to
, which have the general form:
(ie)4μνλσ (q1, k − q1 − q2, q2)
= Mμν,{α}(q1, k − q1 − q2) i P
{α},{β}(k − q2)
(k − q2)2 − M2
×Mλσ,{β}(q2,−k)
+Mμσ,{α}(q1,−k) i P
{α},{β}(k − q1)
(k − q1)2 − M2
×Mνλ,{β}(k − q1 − q2, q2)
+Mμλ,{α}(q1, q2) i P
{α},{β}(q1 + q2)
(q1 + q2)2 − M2
×Mνσ,{β}(k − q1 − q2,−k), (11)
where the three terms correspond with the three topolo-
gies shown in Fig. 2. In Eq. (11), the Lorentz amplitude
Mμν,{α}(q1, q2) describes the transition from the initial state
of two virtual photons with momenta q1 and q2 to a C-even
(J P+) meson with mass M . Depending on the spin J of the
meson, the amplitude Mμν,{α} has different Lorentz struc-
tures: for the case of a pseudoscalar (J PC = 0−+) and a
scalar (J PC = 0++) meson the amplitude is a rank two ten-
sor, for the case of an axial-vector (J PC = 1++) and a tensor
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Fig. 2 The single meson contributions to the hadronic light-by-light
scattering
(J PC = 2++) meson it is a rank three tensor and a rank four
tensor, respectively. The projector P for spin J entering the
meson propagator is defined by the spin sum
P{α},{β}(p) =
J∑
σ=−J
ε{α}σ (p)ε{β}∗σ (p), (12)
where the ε{α}σ denote the corresponding polarization tensors.
In the following, we give the specific expressions which we
use for the transition amplitudes and the polarization sums
in our calculation. The transition amplitudes are defined in
such a way that the non-perturbative physics is contained in
the meson transition Form Factors (FFs). It is important to
note that these FFs depend on three invariants in the general
case [1,2]. However, mainly due to the absence of reliable
information about the off-shell dependence on the virtuality
of the exchanged meson we will assume, for the following
estimates, the pole-dominance approximation for the FFs:
F(q21 , q
2
2 , (q1+q2)2)= F(q21 , q22 , M2)≡ FMγ ∗γ ∗(q21 , q22 ),
(13)
where q21 , q
2
2 denote the two photon virtualities, and
(q1 + q2)2 denotes the meson virtuality.
For a pseudoscalar meson (P), the transition amplitude is
defined by
M(P)μν (q1, q2) = −ie2εμναβqα1 qβ2 FPγ ∗γ ∗(q21 , q22 ). (14)
The spin projection operator for J = 0 has a trivial form:
P(q) = 1. (15)
A scalar meson (S) may be produced either by two trans-
verse or by two longitudinal photons [30,31]. As the main
contribution to the magnetic moment comes from the region
of small photon virtualities, the contribution of the transverse
amplitude is dominating. Furthermore, there is no empiri-
cal information on the structure of the longitudinal FFs at
present. Thus in this work, we will only consider the trans-
verse part of the scalar meson production amplitude which
is described by
M(S)μν (q1, q2) = −e2 (q1·q2)M Rμν(q1, q2) FSγ ∗γ ∗(q21 , q22 ),
(16)
where the symmetric transverse tensor Rμν is defined by
Rμν(q1, q2) ≡ −gμν + 1X
{
(q1 · q2)
(
qμ1 q
ν
2 + qμ2 qν1
)
−q21 qμ2 qν2 − q22 qμ1 qν1
}
, (17)
and X ≡ (q1 · q2)2 − q21 q22 .
Although the production of an axial-vector meson (A)
by two real photons is forbidden by the Landau–Yang theo-
rem [32,33], an axial-vector meson can be produced in two-
photon processes when one or both photons are virtual. Exist-
ing phenomenological analyses have used the expression for
the transition amplitude derived from a non-relativistic quark
model calculation [34–37]:
M(A)μνα(q1, q2)
= ie2ερντα
[
(q21 g
ρ
μ − qρ1 q1μ) qτ2 − (q22 gρμ − qρ2 q2μ) qτ1
]
× 1
M2
FAγ ∗γ ∗(q21 , q22 ). (18)
Note that a general discussion of the Aγ ∗γ ∗ vertex, has
to allow for three independent Lorentz structures [30,31].
However, as no phenomenological information is available
at present to disentangle the three helicity structures, we will
use the simplified vertex of Eq. (18) in the present work.
According to Eq. (12) the projection operator for spin J = 1
is
Pαβ(p) = gαβ − p
α pβ
M2
. (19)
In this work, we also consider the two-photon production
of tensor mesons (T ). For the light quark tensor mesons,
the experimental analyses of decay angular distributions for
γ γ cross sections to π+π−, π0π0, ηπ0, and K +K − chan-
nels have shown [38] that the J = 2 mesons are produced
predominantly (around 95 % or more) in a state of helic-
ity  = 2. In addition, it has been shown in Ref. [39] that
when saturating sum rules for γ γ scattering by lowest lying
mesons, the tensor meson decay coupling into two photons
with total helicity  = 2 is much larger than the decay
into two photons with total helicity  = 0. We will therefore
assume in all of the following analyses that the hadronic light-
by-light amplitude for tensor states is dominated by the helic-
ity  = 2 exchange. Therefore, the two-photon decay rate
is 	γγ (T ( = 2)) ≈ 	γγ (T ), and we will safely neglect
the contribution of the remaining four helicity amplitudes.
The relevant part of the Lorentz amplitude for the dominant
process γ ∗γ ∗ → T ( = 2) can be parameterized as [28]
M(T )μναβ(q1, q2) ≡ e2
(q1 · q2)
M
Mμναβ(q1, q2)
×FT γ ∗γ ∗(q21 , q22 ), (20)
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with
Mμναβ =
{
Rμα(q1, q2)Rνβ(q1, q2)
+ 1
8(q1 + q2)2
[
(q1 · q2)2 − q21 q22
] Rμν(q1, q2)
×
[
(q1 + q2)2(q1 − q2)α − (q21 − q22 )(q1 + q2)α
]
×
[
(q1+q2)2(q1−q2)β −(q21 −q22 )(q1+q2)β
]}
. (21)
The projection operator for J = 2 has the form
Pαβ,γ δ = 12
(
Kαγ Kβδ + Kαδ Kβγ
) − 1
3
Kαβ Kγ δ, (22)
with Kαβ ≡ −gaβ + pα pβ/p2.
By an appropriate change of variables one can show that
the first and second diagrams of Fig. 2 give equal contribu-
tions to Eq. (8). Thus, the two-loop integral for aμ may be
defined as a sum of two terms:
aLbLμ = limk→0 −e
6
∫ d4q1
(2π)4
∫ d4q2
(2π)4
1
q21 q
2
2 (k − q1 − q2)2
× 1[
(p + q1)2 − m2
] [
(p + k − q2)2 − m2
]
×
[
FMγ ∗γ ∗(q21 , (k − q1 − q2)2)FMγ ∗γ ∗(k2, q22 )
(k − q2)2 − M2 T1
+ FMγ ∗γ ∗(q
2
1 , q
2
2 )FMγ ∗γ ∗((k − q1 − q2)2, k2)
(q1 + q2)2 − M2 T2
]
,
(23)
where T1,2 = T1,2(q1, k − q1 − q2, q2). Here, T1 is given
by the contraction of the first two terms in Eq. (11) with the
tensor T μνλσ ; whereas T2 is defined by the contraction of
T μνλσ with the third term. Computing the Dirac traces (for
which we used the computer algebraic system FORM [40]),
we find that T1 and T2 contain a set of structures of three
types:
(q1 · k)i (q2 · k) j , (q1 · k)
i (q2 · k) j
(q2 · k)2 − q22 k2
,
(q1 · k)i (q2 · k) j
[
(q2 · k)2 − q22 k2
]2 .
Before taking the limit k → 0, we first need to eliminate
the dependence on the spatial direction of k. Since the trace
under consideration projects to a scalar, we may average the
(kˆ)dependence over all spatial directions without changing
the result for aμ:
∫ d(kˆ)
4π
aμ(k) = aμ. (24)
After taking the limit k → 0 explicitely, we integrate the
angular dependence on (qˆ1) and (qˆ2). For the angular
integrations, we use the technique based on the properties of
the Legendre polynomials. Given a particular parametriza-
tion of the FFs, the angular integrals may be performed ana-
lytically. We will give more technical details in a forthcoming
publication. In this work, we will use both monopole (M) and
dipole (D) parameterizations of the form
FMMγ ∗γ ∗
(
q21 , q
2
2
)
FMγ ∗γ ∗ (0, 0)
= 1(
1 − q21/2M
)
1
(
1 − q22/2M
) , (25)
FDMγ ∗γ ∗
(
q21 , q
2
2
)
FMγ ∗γ ∗ (0, 0)
= 1(
1 − q21/2D
)2
1
(
1 − q22/2D
)2 , (26)
where M (D) are the monopole (dipole) mass parameters,
respectively, which are to be determined from phenomenol-
ogy.
After working out the angular integrations analytically,
we perform the remaining integrals numerically. For conve-
nience, we perform a Wick rotation for the energy component
of the four-momenta q1 and q2 and carry out the numerical
integration in polar coordinates. In particular, we make the
change of variables
Q0i = Qi cos ψi , |Qi | = Qi sin ψi , (27)
where Q2i ≡ −q2i . The resulting four-dimensional integral
for the case of a monopole FF takes e.g. the form
aLbLμ = −
4α3
π3
(2J + 1)|FMγ ∗γ ∗(0, 0)|2
×
∞∫
0
dQ1
π∫
0
dψ1
∞∫
0
dQ2
π∫
0
dψ2
1
Q21/2 + 1
1
Q22/2 + 1
× 1Q22 + M2
sin2 ψ1 sin2 ψ2
Q1 + 2im cos ψ1
[
2
T˜1(Q1, Q2, ψ1, ψ2)
Q2 − 2im cos ψ2
+Q2T˜2(Q1, Q2, ψ1, ψ2)
]
, (28)
where the factor
[
(Q1 + Q2)2 + 2
]−1 is absorbed in the
expressions for T˜1 and T˜2 and in the third diagram a factor[
(Q1 + Q2)2 + 2im(Q1 cos ψ1 + Q2 cos ψ2)
]−1 has been
absorbed into T˜2.
3 Result and discussion
To test our formalism, we have firstly applied it to the case of
pseudoscalar meson exchanges. This case had been worked
out in Ref. [26] using the Gegenbauer polynomial technique,
where for pole parametrizations of the FFs the HLbL con-
tribution to aμ had been given by a two-dimensional numer-
ical integral over Q1 and Q2. We checked that using e.g. a
monopole FF, the result obtained from Eq. (28) is in exact
agreement with the result of [26]. Due to the more com-
plicated vertex structure for axial-vector, scalar and tensor
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mesons, the Gegenbauer polynomial technique cannot easily
be extended, which is why we resort to the four-dimensional
expression of Eq. (28). Using this formalism, we subse-
quently discuss our estimates for the HLbL contribution to
aμ due to axial-vector, scalar and tensor mesons.
3.1 Axial-vector mesons
For an axial-vector meson, it is conventional to define an
equivalent two-photon decay width to describe its decay into
one quasi-real longitudinal photon (with virtuality Q21) and
a transverse (real) photon as [31,36,37]
	˜γ γ ≡ lim
Q21→0
M2
Q21
1
2
	
(A → γ ∗L γT
)
, (29)
which allows us to express the FF normalization entering the
Aγ ∗γ ∗ vertex of Eq. (18) as [28]
[
FAγ ∗γ ∗ (0, 0)
]2 = 3
M
4
πα2
	˜γ γ . (30)
Phenomenologically, the two-photon production cross
sections have been measured for the two lowest lying
axial-vector mesons: f1(1,285) and f1(1,420). The most
recent measurements were performed by the L3 Collabora-
tion [36,37]. In those works, the non-relativistic quark model
expression of Eq. (18) in terms of a single FF FAγ ∗γ ∗ has
been assumed, and the resulting FF has been parameterized
by a dipole form as in Eq. (26). Table 1 shows the present
experimental status of the equivalent 2γ decay widths for
f1(1,285), and f1(1,420), as well as the phenomenological
values for the dipole mass parameters D.
Using these values, we can calculate the HLbL contribu-
tions of f1(1,285) and f1(1,420) to aμ, which are shown in
Table 1. Both contributions sum up to a value of 6.4×10−11,
which is roughly one order of magnitude smaller than the
dominant HLbL contribution to aμ due to the π0 [26]. We
like to emphasize that our estimate for the two dominant
axial-vector meson contributions is based on available exper-
imental information. In this way, we are also able to provide
an error estimate, which derives from the experimental uncer-
tainties in the equivalent 2γ decay widths and from the FF
parameterization.
Table 1 Present values [42] of the f1(1,285) meson and f1(1,420)
meson masses M , their equivalent 2γ decay widths 	˜γ γ , defined accord-
ing to Eq. (29), as well as their dipole masses D entering the FF of
Eq. (18). For 	˜γ γ , we use the experimental results from the L3 Collab-
oration: f1(1,285) from [36], f1(1,420) from [37]
M (MeV) 	˜γ γ (keV) D (MeV) aμ(10−11)
f1(1,285) 1,281.8±0.6 3.5 ± 0.8 1,040±78 5.0 ± 2.0
f1(1,420) 1,426.4±0.9 3.2 ± 0.9 926 ± 78 1.4 ± 0.7
Sum 6.4 ± 2.0
Fig. 3 The density ρa as defined in Eq. (31), in units 10−10 GeV−2,
for the axial-vector meson f1(1,285). Left panel corresponds with left
two diagrams of Fig. 2, right panel corresponds with right diagram of
Fig. 2
In order to have a better understanding which region of vir-
tualities in the axial-vector meson FFs is contributing mostly
to this result, it is instructive to define a density function ρa
as
aLbLμ =
∫ ∞
0
dQ1
∫ ∞
0
dQ2 ρa(Q1, Q2). (31)
We show the dependence of ρa on the photon virtualities Q1
and Q2, which enter the HLbL scattering diagram, for the
axial-vector meson f1(1,285) in Fig. 3. One notices that the
dominant contribution arises from the region around Q1 ≈
Q2 ≈ 0.5 GeV. One also sees that the contribution beyond
Q1,2 ≥ 1.5 GeV becomes negligible.
3.2 Scalar mesons
We next proceed to the estimate for scalar mesons (S). The
normalization of the FF corresponding with two transverse
photons is related to the two-photon decay width of the scalar
meson as [28]
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Table 2 Scalar meson pole
contribution to aμ based on the
present PDG values [42] of the
scalar meson 2γ decay widths
	γγ
	γγ (keV) aμ [10−11] (M = 1 GeV) aμ [10−11] (M = 2 GeV)
f0(980) 0.29 ± 0.07 −0.19 ± 0.05 −0.61 ± 0.15
f ′0(1,370) 3.8 ± 1.5 −0.54 ± 0.21 −1.84 ± 0.73
a0(980) 0.3 ± 0.1 −0.20 ± 0.07 −0.63 ± 0.21
Sum −0.9 ± 0.2 −3.1 ± 0.8
[
FSγ ∗γ ∗ (0, 0)
]2 = 1
M
4
πα2
	γγ . (32)
When going to virtual photons, unfortunately no empirical
information is available at present for the Sγ ∗γ ∗ transition
FFs. We will assume a simple monopole behavior of the FF.
The monopole mass M is considered as a free parameter,
which we will vary in the expected hadronic range M =
1 − 2 GeV, in order to obtain the numerical estimates for aμ.
We show our results for the HLbL contribution to aμ due to
the leading scalar mesons f0, f ′0, and a0 in Table 2. We find
a negative contribution of the scalar mesons to aμ which is
in the range −1 to −3 (in units 10−11), when varying M in
the range 1 to 2 GeV.
Note that in this work we do not include the contribu-
tion from the low-lying and very broad f0(500) state, which
requires a full treatment of the HLbL contribution to aμ due
to 2π intermediate states [41]. Such a treatment goes beyond
the pole model framework described here.
3.3 Tensor mesons
In this work, we also estimate the HLbL contribution to
aμ due to tensor mesons (T ). The dominant tensor mesons
produced in two-photon fusion processes are given by
f2(1,270), a2(1,320), f2(1,565), and a2(1,700); see Table 3.
As described above, we will assume in our analysis that
the tensor meson is only produced in a state of helicity 2.
This allows one to express the normalization of the domi-
nant (helicity-2) FF entering the T γ ∗γ ∗ vertex as [28]
[
FT γ ∗γ ∗ (0, 0)
]2 = 5
M
4
πα2
	γγ . (33)
At the present moment there is unfortunately no direct exper-
imental information about the Q2 dependence of the ten-
sor meson transition FFs. One can, however, resort to other
phenomenological information based on exact forward sum
rules for the light-by-light scattering. For γ ∗γ → X fusion
cross sections, with one real photon (γ ) and one virtual pho-
ton (γ ∗), three super convergence sum rules were derived in
Refs. [27,28]. Applied to the γ ∗γ production of mesons, this
leads to intricate relations between transition FFs of pseu-
doscalar, axial and tensor mesons. In order to saturate these
sum rules, one obtains approximate expressions for the dom-
inant tensor meson transition FFs, given the knowledge of the
Table 3 Tensor meson pole contribution to aμ based on the present
PDG values [42] of the tensor meson masses M and their 2γ decay
widths 	γγ
M (MeV) 	γγ (keV) aμ (D = 1.5 GeV) [10−11]
f2(1,270) 1,275.1±1.2 3.03 ± 0.35 0.79 ± 0.09
f2(1,565) 1,562±13 0.70 ± 0.14 0.07 ± 0.01
a2(1,320) 1,318.3±0.6 1.00 ± 0.06 0.22 ± 0.01
a2(1,700) 1,732±16 0.30 ± 0.05 0.02± 0.003
Sum 1.1 ± 0.1
transition FFs for the pseudoscalar mesons. In particular, it
was shown in Ref. [28] that the η, and η′ transition FFs con-
strain the transition FF for f2(1,270) and the π0 transition FF
constrains the corresponding transition FF for the a2(1,320)
state. We found that these relations can approximately be
expressed by choosing a dipole form for the tensor meson
transition FF with dipole mass parameter D = 1.5 GeV.
We use this estimate in calculating the HLbL contribution to
aμ due to tensor mesons, which is shown in Table 3. We see
that the four dominant tensor meson contributions add up to
a contribution to aμ of around 1 (in units 10−11).
3.4 Comparison with previous works
Our results can be compared with previous estimates for
axial-vector and scalar mesons, which are shown in Table 4.
For tensor mesons, our results are the first estimates.
The previous estimates for axial-vector mesons differ
quite a lot. The BPP estimate [43,44] is based on an extended
Nambu–Jona-Lasinio model in which both a 1/Nc and chi-
ral counting was used. The HKS estimate [45–47] for axial-
vector meson FFs was based on a hidden local gauge symme-
try model. The MV estimate [48], which was also adopted
in JN [1,2] is an order of magnitude larger than the BPP
and HKS estimates, and around a factor 3 larger than our
estimate. The large value of Ref. [48] was obtained because
a constant FF was used at the external vertex to reproduce
the QCD short-distance constraints. Although such short-
distance constraints are surely important for the large Q2
behavior of the FFs, one can see from Fig. 3 that using the
empirical information for the f1 (1,285) transition FF, the
region which dominates the HLbL contribution to aμ is for
123
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Table 4 HLbL contribution to aμ (in units 10−11) due to axial-vector,
scalar, and tensor mesons obtained in this work, compared with various
previous estimates. For our scalar meson estimate, we have quoted the
value corresponding with mon = 2 GeV
Axial-vectors Scalars Tensors
BPP [43,44] 2.5 ± 1.0 −7 ± 2 –
HKS [45–47] 1.7 ± 1.7 – –
MV [48] 22 ± 5 – –
PdRV [22] 15 ± 10 −7 ± 7 –
N/JN [1,2] 22 ± 5 −7 ± 2 –
This work 6.4 ± 2.0 −3.1 ± 0.8 1.1 ± 0.1
virtualities around and below 1 GeV2. Besides, in case of the
two-photon production of axial-vector mesons, the helicity
amplitudes need to vanish in the limit of both real photons due
to the Landau–Yang theorem, which is not incorporated in
the QCD short-distance constraints. It has furthermore been
argued by PdRV [22] that the errors in the BPP and HKS
estimates were underestimated, and an intermediate estimate
with larger error has been suggested, which is in agreement
within 1σ with our estimate.
For the scalar mesons, BPP has performed an estimate,
which was adopted by N/JN and PdRV (by increasing the
error bar to 100 %). Compared with the result of BPP, our
result also has the negative sign but is around a factor of 2
smaller in magnitude. Given that there is no empirical infor-
mation at all on the scalar meson transition FFs, future data
from BES-III would be mostly welcome here to better con-
strain this contribution.
For tensor mesons, no quantitative estimates had been
given so far. In Ref. [22], it has been noted that if the ten-
sor meson decays predominantly into two photons with total
helicity  = 0, its contributions to aμ should be negative,
similar to the case for scalar mesons. In our analysis, we fol-
low, however, the phenomenological indication that at low
virtualities, the tensor meson decays predominantly into two
photons with total helicity  = 2 [38]. For the latter decay,
we find a positive contribution to aμ.
4 Conclusions
In this letter we have presented the formalism to calculate
the HLbL contribution to the muon’s anomalous magnetic
moment aμ due to axial-vector, scalar and tensor meson
poles. In this way, we have extended the framework of
Ref. [26], where the leading HLbL contribution due to pseu-
doscalar mesons was evaluated. To allow for the different
Lorentz structures of the γ ∗γ ∗ → meson vertex, we have
performed a combined analytical and numerical technique,
where the angular integrals over the virtual photon momenta
were performed analytically using the Legendre polynomial
technique, and where the resulting four-dimensional integral
for aμ was performed numerically. We validated our method
by reproducing the known result for pseudoscalar mesons.
To estimate the HLbL contribution to aμ from axial-vector,
scalar and tensor mesons, we incorporated available experi-
mental input as well as constraints from light-by-light scat-
tering sum rules. For those mesons which have the largest
known couplings to two virtual photons, we obtained as esti-
mates
aμ( f1, f ′1) = (6.4 ± 2.0) × 10−11,
αμ( f0, f ′0, a0) = [(−0.9 ± 0.2) to (−3.1 ± 0.8)] × 10−11,
aμ( f2, f ′2, a2, a′2) = (1.1 ± 0.1) × 10−11.
The size of such contributions is about an order of magni-
tude smaller than the dominant π0 HLbL contribution. Given
a new muon g − 2 experiment at Fermilab, which aims to
reduce the experimental uncertainty to δaμ ≈ 16 × 10−11, it
is, however, crucial to further constrain the theoretical uncer-
tainty due to the HLbL contribution. In this respect, it would
be particularly helpful to have measurements of γ ∗γ ∗ →
meson transition form factors with one and two virtual pho-
tons for axial-vector, scalar, and tensor states. As such infor-
mation will become available, in particular from future mea-
surements from BES-III, the formalism here developed can
be used to further improve on the estimate of the HLbL con-
tribution to aμ.
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